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Ishwari 7, Dhariyal, Indian Institute of Technology, Kanpur, U. P,

Estimation of the Larger Mean

by

Edward J. Dudewicz, The Ohio State University, Columbus, Ohio

Saul Blumenthal, University of Illinois, Urbana, Illinois
Abstract

In the present paper estimation of the larger of two normal means is studied,
Two new estimators are added to the class of possible estimators of the larger
normal mean, namely, the maximum probability estimator and the lterated bias
elimingtion estimgtors. If the magnitude of the difference between the two
population means is not close to zero (as evidenced by its strongly consistent
estimator, the magnitude of the difference between the two sample means) a
suitably chosen maximum probability estimator is seen to e best as regards

both bias and nean-squared error.
1, Introduction

Let xil,...,x be a random sample of size n from a normal population with

in

mean and variance 02, 1 =10 0% (> 2), Let My <. < M ] be the

1
ordered unknown means and suppose 32 is krnown. The estimation analog of the well-
known ranking and selection problem [see Bechhofer, Kiefer, and Sobel (1968)]

has been the topic of inquiry by alam (1967), Blumenthe! (1975, 197¢,}, Blumenthal
and Cohen (1968), Mudewicz (1G671. 1972, 1973, 1976) and others. Once the

decision nas been made as to which of the k populations has the largest mean,
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it is natural to ask, "How large is this largest mean?" For two
examples of application of estimation of ths larger normal mean, the reader is
¥ referred to Blumenthal and Cohen {1968).

In this paper we study this problem and attempt to enlarge the class of

" T Y T e g e e T
§

estimators of the larger mean. In section 2 we investigate, mostly numerically,
the behavior of a class of estimators celled Maximum Probability Estimators

* . (MPE's) introduced by Weiss and Wolfowitz (1967). Dudewicz (1973) first gave
the MFE's of the ranked means., In sectlion 3 a new class of estimators called
Iterated Bias Elimination Estimators (IBEE's) are introduced and investigated.

1 A compariscn along the lines of Blumenthal and Cohen (1968) is made in section L.

2. Meximum Probability Estimators

Definition (Weiss and Wolfowitz). Let ® be a closed region in the

m=-dimensional Fuclidean space IP, A A, where ® is n closed region such that

every finite boundary point of @ is an inner point of &, For each n let X(n)

denote the (finite) vector of random variables of which the estimator is to be
a function, Let Kn(x,e) be the density of X(n) with respect to a sigma-finite
measure. Let R be a fixed bounded set in R" and let k(n) = (kl(n),...,km(n))
be a sequence of numbers such that ki(n) 4o (n +® for each i. Let d =

(a d ) and d - R/k(n) = [(zl,...,zm) €A 4 -y /Ry (n) = 205 1 = Ln,m

1,---,
T

(yl,...,ym) € R1. Then Z, is en MPE with respect to R and k(n) if Zn(x) equals

a d €@ such that

f Kn(x,e)de = sup_ f Kn(x,e)de . {2.1)

(Y]
d-R/k(n) t €8 t-R/k(n)

Now let fi,...,fk denote the sample means. Let in the above definition

Y
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X(n) = (;[l],...,i[k]),
& - Fk 3 (‘
o - {E.= (ul,...,uk) € Bk PoMq Sl eeeaty T “[k]}
and L

Kn(x"e) = ff[l]""’f[k](xl,".,xk; \-l)

SN O
N i s o

5. 4ok 0

with respect to Lebesgue measure on RS where Y[l] <. < Y[k] are ordered

2 bt

sample means. (Note that K (x, 6) ~ 0 iff x, < ... <x..) Let

k(n) = Wh/o, .../ )

i and
1
2 e
F . R = (-rl/2,rl/2) X(-r2/2,r2/2)x vee Xi~rk/9,rk/2) ,
3
£ X
’ FiseeesTy being positive real numbers. Define H
¥,
p k ory Ty ]
d-R/k(n) = {(“1""’“k) ER : 4 - —=<u <4 , 1= 1,...,k} . q
a/n a/n i
- We know that
k k X 7.y = M !
CR(4) i i
. f— 7 (xievnx i) = (ffe) P moyl——, i
SR EARRELI P I “x B €S i=1,¢ o/

where S is the set of permutations on integers 1,...,k and @(-) denotes the %
tandard 1 . Wi =. -x, Y/ d
standard normal density function. With dﬁ(i) ﬁ;(xﬁ{i) x,}/a an

t X, + aio/Jﬁ'we find from the definition that t = (tl,...,tk\ is an MPE for ;

17
T (“[1]""’“[k]) if a = (al,...,ak) are chosen so as to achieve

k
sup L L {O(de(i)-ai rr,/2) - l(dp(i)-a;-rl/E)} (2.2)
i=1 - ~ :

. .
a P € bk

where #{+) denotes the distribution function of a standard normal variamble.

For values of k up to about 20 and using the observed values of d,'s

T O N PP
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we can find a,,...,a by utilizing some function maximization (minimization)
algorithm such as that of Nelder and Mead (1965).

In the rest of this section we investigate numerically the MFE's of
(“[1]’“[2])’ that is, for the case k = 2. For the values of the difference
between the larger and the smaller sample means considered, after a preliminary
analysis, we found that we could treat rl,r2 =0.5, 1,5, and 5,0 as small,
medium, and large respectively for the study. Thus we have nine pairs of
(rl,rz) to loock at. We found numerically that for d < min (rl,rz), 8 = -8, = a/2
maximize

2
8(5-1)52) =G )é 32 j:]_ {.(dﬁ(i) - &i + !‘1/2) - .(dﬁ(i) - &i - rifa)}

= {l(al + ,.l/a) - O(a.l - rl/z)} {0(&2 + r2/2) - '(32 - r2/2)}
’{'("1 -d+ 1) /2 - ¥ay-dx, /2)} {'("2*‘1*"2/2) - '(a2+d'r?/2)} ’

vhere d = .ﬁ;(xQ-xl)/a. This observation was checked with r ,r, changing in
steps of 0.1 from 0.1 to 3.5. Redefining t, and t, as t, = x; + alu/./ﬁ and

ty, =%, - a.?_a/./ﬁ we can write 3(51’“2) as

8(51:&2) = {‘(&l + r]/E) - .(8‘1 - rl/Q)} {l(ae + re/e) - 0(32 - r2/2)}
+ {o(al-m r, /2 - l(al-d-rl/a)} {o(ae-ure/e) - t(ag-d-rz/z} (2.3)

and now &, = a, = d/? maximize g(al,ae) for 4 < min (rl,re). Table 1 gives the
values of (ml,a.e) for the above nine pairs of (rl,re) for d = 0.1(0.1)3.5. We

tabulate for only six (rl’r'z) pairs because of the subscript symmetry in

(2.3) and hence the other three columns car oe deduced from this table itgelf,

For these calculations the Nelder-Mead (1965) simplex method was utilized. For

%
I

E
i
I

g ek

S TR

o re ——— e ———




I ™ pow emm e o

=

each of the nine (rl,ra) pairs and each value of 4, it was verified that
0 -7 0 =1 0 0 c 0

g(al 107, a;" £ 10 ) < g(al > 8y ) where (al 18, ) 18 the calculated

value, Thus the values reported are correct to seven decimal places.
Bias. Now without loss of generality, we conaider the MPE's of Hi5]

only. For given T1sT5s the MPE of H(2] is given by

by = Blry,Ty) = Xppy - % ay(2, Ty, 1)

vhere T = o/J/n and Z = (Y[E] - i'[ll)/z. Therefore, the bias is

it

B(t2) B(t,, w, *)

By -1 | el it w, e (2.1)

vhere B(f[e]) denotes the bias of f[?] as an estimator of ur,j and
£(z, w, 7) = L2 {p0/E(z 0)/7) + 9/BGww))]}, 2 > 0 (2.5)

is the density of 2 withw = (“(2] - uu])/z. Also from Blumenthal and Cohen

(1968) we have

B(Xp,q) = —: e"E/*2-2ﬁ(-J2' o). (2.6)
From (2.4), (2.5), and (2.6) it is clear that B(te, W o) =T B(te, we, 1).
Therefore, we take v = 1 in the following calculations and the values reported
are in units of v. Values of B(T[Q]) are given in Blumenthal and Cohen (1968);
we independently verified these values,
Now, from Dudewicz (1973) we know that O < 8, < 2Z. Also (/2 (zew)) <

¢(,/§(z-o)). Therefore, if we approximate &ae(z, T re)f(z, w)dz by

IMaE(z, T rz)f(z;, ©)dz, the error due to this truncation is
0
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EPpp—.

E = r 52(1’ r-‘, r )f(Z: LD)dZ
‘M b 2

IA

[ ]
WE [ 2 $(/B(zw))az.
"M
In order to bound Ep by e, it suffices to find an M = Me(m) such that

WE [z d(/2(z-w))az < e
M

Prior to the numerical evaluation of the integral I, = z, T,, rg‘ffz, w,dz

a study of the function g(z, Ty Ty w) =a.lz, Ty ra)f(z, w revealed that

c

this function has a sharp peak {possibly a non-differentiadle point)} in the
interval [0, Me(m)]. Three typical functions are graphed in Figure 1, This fact
is an indication that one should evaluate the integral IM in two part:, namely,
in intervals [0,a] and [a,b], whecre a = a(w) is the point such that

a,(z, r,r) =zforz<a [note that a turns out to be the same point where
ae(z, ry, rg) starts decreasing! and b = b(w) is such that anz, T r2) e

for z > b, It was found that in each case considered b < H‘(m). 3ince for

-~ B { < e,
z >0, a,(z, vy, r2) < e

o

r 8.2, r» T )f(z, w)dz < «.

oy 2 2 =

Hence we used Gaussian quadrature formula [see Stroud and Secrest (1966) ]
a b

r \
ta. iz, ) rgﬁf{z, w)dz + r a,(z, T, T iz, @ dz

uOL la 2

to approximate

iz, g)dz.

r
! ao(z’ by
‘g

1’ To
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To control the error due to quadrature, for each (rl, r,) pair each of
[

ep———— e e e =

e Sy [ ] ]

4 the integrals 3
1 a 3
¢ \ 4

I, = ‘Oap(z,rl, re)f(z, ®)dz L

v

.

- and 5 @

. r i

I, = ajz, ¥ 7,080z, w)dz I

a 1

n

%

YAION %

was evaluated in 3, 5, 7, cr 9 subintervals using oL and 17°% point Gaussian

s

IR I

quadrature formulas. The criterion used to stop subdividing each subinterval

T

was that the two values of the integral I.l obtained using i and 178 points
respectively for a subdivision of the subinterval differ bty n¢ more than ¢*,
i = 1,2. Thus our approximation involves an error due to gquadrature plus an

error due te truncation which is bounded above by ¢ + g*, We used e = ¢* = [C ',

Thus we have

et U

B(t,) ’:B(f[g]) - 1,1,

Mean-squared error (MSE), We have

e e

.f MSE(t,) = MSE(t,,w, )
MSE(T,p) + 8 [17a,0(2, 1), 7)) - or(zam)al(Z, T)s 7))

-~ -~

o .
MSE()_('[P]) - <" I fE’(f -%)ao(z, T r?) - apr(Z, r. r2) J.-‘f‘(z, w, T dz,
o e >

|

e~
3
M

Also

2,
MSE(X(,q) = X Sw)r) - (rwe J)E® T 2.9)

has been tabuiated by Blumer.thal and Cohen (1968): we independently verified

these values, Again, it is clear that MSZ{t,, @, T. - MSE(tP, ?3 1). =Ll the
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calculations run parallel to those for the bias except that new bounds
are found to approximate the integral in (2.7).

Tables 2 and 3 below give the bias and MSE respectively of te(rl, r2).
We see that smaller values of r,, T, give rise to smaller |oias| and smaller

MSE.

3. Iterated Bias Elimination Estimators

Consider the case of k = 2 normal populations with means wy, and u, and a

2 *(1l) = *(1)
common known variance g-. Let X = X[,] and let B (m) denote the bias

*(1) A¥ (1), : :
of X as an estimator of “[2]’ Let B {(w) denote a consistent estimator
* * * * =),
of 351w, Derine x*(2) = x*() _ $*(1)(1) wnich hes a bias of B*<)(y as
A%( D) (2
an estimator of urpye Let B (n) denote a consistent estimator of 3 ) .

It N
Continuing the process, let X*(m) = X*(m'l) - ﬁ*\m'l'Qn), m=2,3,00. « In this
(m)

*
section we investigate the class of estimators (X ;mo=1,2,,..} of Blo]

. 2,.2
tet ") = L e® /" a0 FBu/e), ana @iy -
n

— 2, 2
135; re® I (m+l)_2"£_J5 w//o+l *), m = 1,2,... . We estimate g (which appears
T

* *(qe
in B (m)(m) through the cortinuous function C (m l)(m), m=1,2,...,) by its

strongly consistent estimator Z. That is, 8" (™(4) = 3" (™ (2).

pefinition. X"™ {5 called the meth IBEE of Mpop ™= L2y,

Lemma, For m = 1,2,,.,

Tl Ll
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ek
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Proof. The proof is straightforward involving just the routine evaluation

of integrals of type

L] 2 &

K

r
. e ¢(blz + cl)dz + ;Oz O(aez)¢(b2z + ce)dz.

Theorem. For m = 1,2,...

* m-1 *(T
2™ () - X SO ENEPL =)

Proof. From Blumenthal and Cohen (1968) we know that the theorem is true
for m = 1, Suppose it is true for m = k, Then, by definition

k-1

D)Xk Tt )T (r}:l)c*(r)(z).
r=0
Therefore,
*(Kk+ * k-1 *
3 0 () - B (w) - £ () (rfl)E M)
r=0
ka1 ) k-1 .lre "
=2 DT W) -z (RS T ) - O
r=0 r=0

k *
Lerish ).

Thus, the theorem is true for m = k+1. The proof now follows by induction.

Corollary. For m = 2,3,...

X*(m) _
r=0

* \
A numerical study as to the behavior of B (m’(w) as m lncreases shows that

*(m)

for smaller values of w B {w) decreases as m is increased. [ne behavior

is reversed for larger values of w, Table 4 gives form = 1,2,...,30



v

i -~ Sasly

b(m) = max 158%™ ()]
® =0.0(0.1)5.0

*
whichh reveals that for values of m and w considered X (18) is the minimax

g

| 3

lvias| IBEE.

B A-SinEy

L. Comparison of Estimators OtJer].

In this section we make comparisons bLetween the "best” estimators of

Tradind

Blumenthal and Cohen (1968), the "best' MPE and the "minimax' lbias| IBEE
| as regards their bias and MSE. From tables and graphs of Blumenthal and

{ Cohen we find that with respect to the bias the estimator

1

R i1

+ fe)/Q ifz <

[

1)

B}

ifz>r

(2]

seems to be the "best" among all the estimators considered and with respect to

MSE, the estimator

X, +X 2.2
6P=—£P—-2+Z[O(Z/J§'r) -%] NS A

B

seems to have an advantage over the other estimators. From section 2 we know
that among the nine MPE's considered t2(0.5,0.5) is the 'best' bLolh in case of

bias and MSE. In Tebles 5 and 6 we give the bias and MSE respectively of the

*(18)

- four estimators GH(l), L t2(0.5,0.5), and X and compare them graphically

in Figures 2 and 3. (Note that the MSE(X*(lB)) was calculated using Monte Carlo

techniques.)
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Table L4: Values of b(m) = max ‘B*(m)(-)!, the
Q=O.O(O.l)5.0

maximum |bias| of m-th IBEE.

m b{m) m b(m) m blm)
1 0.56L42 2 0.3305 3 0.2761
L 0.2499 5 0.2338 6 0.2227
7 0.21Lh 8 0,2079 9 0,2027
10 0.1983 11 0.1945 12 0.1913
13 0.1885 1k 0.15660 15 0.1832
lo 0.1840C 17 0.1822 18 0.1530
19 0.1879 20 0.2736 21 C,20L7
22 1.L4915 23 0.3366 24 L.3284
25 1.0571 26 16,4563 27 L1254
28 105,9889 29 23.k225 30 09,0L09
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Table 5: Bias Comparison

- PP [ ]

: *
: ° 8,(1) (% £,(0.5,0.5) x*(18)
L 0.0 0.2076 0.7979 0.30L6 0.1536
: 0.1 0.1138 0.7019 0.2113 0.0669
0.2 0.0324 0.6138 0,131} 0.0015
0.3 -0.0367 0.9335 0.06L4 -0.0389
0.k -0.0938 0.4609 0.,0099 -0.0655
0.5 -0.1392 0.3956 -0.0329 -0.073k
0.6 -0.173h4 0.337T4 -0.0651 -0.0746
0.7 -0.1972 0.2858 -0.0875 -0,0621
0.8 -0.2114 0.2L0kL -0.1016 -0.0Lh6
: 0.9 -0.2169 0.2009 -0.1084 -0.0280
3 1.0 -0.2151 0.1657 -0.1095 -0.0219
i 1.1 -0,2071 0.1372 -0.1059 -0.0062
1,2 -0.19L2 0.1122 -0.0990 0.0016
] 1.3 -0,1779 0,0911 -0.0899 0,0126
1.h -0.1593 0.0733 -0.0795 n.0016
L 1.5 -0.1397 0.0586 -0.0686 0,0187
1.6 -0.1200 0.0L65 ~0,0578 0.0038
1.7 -0.,1010 0.0366 -0.0L78 0.0059
1.8 -0.0833 0.0286 -0.0386 0.000kL
1.9 -0,067kL 0.0221 -0,0306 -0,0010
2.0 -0,0535 0.0170 -0,0238 -0,0109
2.1 -0,0417 0.0129 -0.0181 -0,0057
2,2 -0.0318 0.0098 -0,013% -0.0026
2.3 -0.0238 0.0073 -0.0100 -0.02028
2,u -0.0175 0.005L -0,0071 -0.0177
2.5 -0,0125 0.0040 -0,005%0 -0.010L
2.6 -0.0089 0.0029 -0,0035 -C.0003
2.7 -0.0062 0.0021 -0.0024 -0.0076
2.8 -0.0042 0.0015 -0.0016 -0.0139
2.9 -0.0028 0.0011 -0.0011 -0,002L
3.0 -0.0019 0,00083 -0,0007 -0.017h
L,0 -0.0000 0.0000 -0,0000 -0.0015
5.0 0,0000 0.0000 -0,0000 0.0004
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Table 6: MSE Comparison

| *(18)
: ~ [ 6,(1) °r £,(0.5,0.5) X
' 0.0 0.7862 1.2182 0.8529 3.0538
: 0.1 0.7633 1.0455 0.8109 3.0725
! 0.2 0.7729 0.9067 0.8014 3.0582
0.3 0.8076 0.7970 0.8167 2.9850C
0.4 0.8609 0.7113 0.8L95 2,9157
0.5 0.9261 0,6L53 0.8933 2.7558
0.6 0.997h 0.5939 0.9425 2.6158
] Q.7 1.0694 0.56T4 0.9920 2.u251
} 0.8 1.1375 0,5520 1,0382 2.2187
3 0.9 1.1980 0.5496 1.0782 2.0066
1.0 1.2479 0.5590 1.1102 1.85L8
1.1 1,2854 0.5795 1.2.334 1.7210
: 1.2 1.,3098 0.6070 1,1478 1.5396
- 1.3 1.3212 0.6L417 1,1538 1,h96L
1.4 1.3205 0.6794 1,1526 1.Lko21
1.5 1.3093 0.7189 1.1456 1.2870
1.6 1,2897 0,7583 1.1342 1.1914
1.7 1.2639 0.7956 1.,1200 1.1325
1.8 1.2342 0,8305 1.104L 1,0869
1.9 1,2028 0.8615 1,0885 1.0673
2.0 1,1715 0.8888 1,0731 1,0L32
2.1 1.1417 0.9120 1,0550 1.0226
2.2 11,1144 0.9315 1,0u66 1.0163
2.3 1.0904 0, ub7h 1.0360 1.0130
2.4 1.0699 0,9601 1,0272 1.0169
2.5 1.0529 0,9702 1.0201 1.0194
2.6 1.0391 0.9780 1,01L6 1,0207
2.7 1.028Y 0,9840 1.0103 1.0213
2.8 1.0202 0.9885 1,0072 1,0206
2.9 1.01L0 0,9918 1.00L9 1.0185
3.0 1.0096 00,9942 1,0033 1.0155
L,0 1.0001 0,9999 1,0000 0.9979
5.0 1,0000 1.0000 1.0000 1.0024
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Figure 1: Graphical investigation of behavior of MPE's. f, the density of %;

a,s the adjustment in fl’g] glven by MPE of ur.qy; and g = af are
plotted against 2, For all (rl,re) pairs considered, 'a', {b), (c)
represent the typical plots when ¢ = 3.C, ..Q, 0.0 respectively,
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Figure 2: Comparison of estimators of H{5] with respect to their bias.
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